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We discuss the notion of a tangency set in a projective plane, generalising the
well-studied idea of a minimal blocking set. Tangency sets have recently been used
in connection with the coding theory related to algebraic curves over finite fields,
and they are closely related to the strong representative systems introduced by
T. Ille s, T. Szonyi, and F. Wettl (1991, Mitt. Math. Sem. Giessen 201, 97107). Here
we give bounds on the possible sizes of tangency sets, and structural results are
obtained in the extremal cases.  1999 Academic Press
1. INTRODUCTION
Blocking sets are much-studied configurations in finite projective planes.
They are sets of points which contain no line but intersect every line of the
plane. This property is preserved by adding points to the set (so long as no
line is filled), and therefore it is natural to study minimal (or reduced )
blocking sets. These are blocking sets S none of whose proper subsets are
blocking sets. This condition is equivalent to the requirement that at each
point P of S, there is a line l on P which intersects S only in Pthat is, that
S has a tangent line at each of its points. Recently, in connection with work
of F. O zbudak on a generalisation of work of S. Stepanov relating to codes
on algebraic curves [8], interest has been expressed in sets which have this
property but which are not assumed to be blocking sets (in fact, the dual
formulation was consideredsets of lines with the property that on each line
there is a point on no other line of the set). In this note, we derive bounds
on the possible sizes of such sets in finite projective planes.
Formally, let us call a set of points S a tangency set if for every P # S,
there exists a line l on P such that S & l=[P] (l is said to be a tangent to
S). This property is obviously preserved by removing points from the set,
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and therefore we study maximal tangency sets, that is, tangency sets none
of whose supersets are tangency sets.
Examples of maximal tangency sets abound. Any minimal blocking set is
a maximal tangency set. However, maximal tangency sets are obviously
more general objects than minimal blocking sets. An easy example of a
maximal tangency set which is not a blocking set is as follows. In PG(2, q)
with q even, let C be an oval (that is, a set of q+1 points no three of which
are collinear). Then C is a tangency set, and C is maximal, since for every
P  C, there exists at least one tangent to C on P, and therefore P cannot
be added to C without violating the tangency criterion. However, C is not
a blocking set. Note that, in contrast, when q is odd, a conic is far from
maximal as a tangency set. Another example of a maximal tangency set is
given by a line in any projective plane.
Tangency sets are closely related to strong representative systems.
A strong representative system (s.r.s) in a projective plane is a set of flags
of the plane such that no point of one flag is incident with the line of
another flag. A s.r.s can be obtained from a tangency set by combining each
of the points with one of its tangents; conversely a s.r.s. gives rise to a
tangency set. In [7], Ille s et. al. prove that an s.r.s. in a projective plane of
order n has at most n - n+1 elements; thus, the same bound holds for
tangency sets. We remark that the proof of this result, a modification of that
employed in [5], shows that a tangency set of size n - n+1 is necessarily a
unital; of course these can exist only when n is an integer square.
2. A LOWER BOUND
Now we focus on a lower bound for the size of a maximal tangency set.
The minimal size of a blocking set is a well-studied invariant of a projective
plane. Results in [3], [1], [2], and [4] give lower bounds for this quan-
tity. In this section, we oberve a link between maximal tangency sets and
dual blocking sets, and use it to obtain a lower bound on the size of a max-
imal tangency set. We will call a point P in a tangency set S critical if there
is only one tangent line l to S on P. In this case we will also call l a critical
tangent.
Lemma 2.1. Let S be a maximal tangency set of size less than 32 (n+1)
in a finite projective plane of order n. If S is not a blocking set then the
critical tangents to S cover the points of ?"S.
Proof. Let l be a line external to S. Then each point P of l must be on
at least one critical tangent to S, since otherwise adding P to S would
preserve the tangency property (l would be the tangent to S _ [P] at P).
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Therefore there are at least n+1 critical tangents to S (and n+1 critical
points of S).
Suppose now that there exists P not in S lying on no critical tangent to
S. Then by the maximality of S, all lines of ? on P must intersect S.
Furthermore, any line on P and a critical point of S hits S in at least one
other point. Therefore, with c the number of lines on P which contain a
critical point, we have
|S |2c+n+1&c.
On the other hand, since there are at least n+1 critical tangent points to
S, the c lines on P which are incident with critical points of S contain at
least n+1 points of S. Each of the remaining n+1&c lines on P contains
at least one point of S, so
|S |(n+1)+(n+1&c).
Adding the two inequalities gives |S | 32 (n+1). K
Theorem 2.2. Let S be a maximal tangency set in ?=PG(2, q). Denote
by b the size of the smallest blocking set in ?. Then either S is a line, S is
an oval and q is even, or |S |b.
Proof. Clearly, a maximal tangency set which contains a line is a line.
Suppose that |S|=q+1 and that S is not a line. Then S cannot be a block-
ing set [3]. As in the proof of the lemma, the existence of a line external
to S implies that S contains at least q+1 critical points. Therefore each
point of S is critical, that is, at each point of S there is a unique tangent
line. This in turn implies that there are q secant lines to S on each point
of S. Therefore no three points of S are collinear, so S is an oval. Further-
more, the lemma implies that the set of tangents to S covers all points of
?; hence this set is a plane pencil, so q is even.
Next, note that if the set of tangent lines to S contains a pencil, then
|S |=1 or |S |=q+1 (depending as the vertex of the pencil is in S or not).
It follows that when |S |>q+1, the set of tangents contains no pencil. If
S is a blocking set, |S |b. Assume then that S is not a blocking set. Since
we have b 32 (q+1) (see [1]) and we wish to prove |S |b, we can
assume that |S |< 32 (q+1). Therefore the lemma applies, so the set C of
critical tangents to S cover the points of ?"S. Since the lines of C clearly
cover the critical points of S, we see that C covers the points of ?"T where
T is the set of non-critical points of S. For each point P of T adjoin to C
any tangent line to S on P. Then the resulting set is a dual blocking set
in ? whose cardinality is that of S. Since ? is self-dual, b is also the size of
the smallest dual blocking set, so |S |b. K
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Remark. In fact, the proof of the theorem shows that in an arbitrary
projective plane ? of order n, the size of a maximal tangency set which is
neither a line nor an oval is at least min[b, 32 (n+1)] where b is the size of
the smallest blocking set in the plane dual to ?.
Now [3], combined with the above theorem, shows that a maximal
tangency set in a projective plane of order n which is not a line or an oval
has size at least n+- n+1. For the case of equality suppose S is not a
Baer subplane and hence not a blocking set, by [3]. Then the set of critical
tangents, together with any choice of one non-critical tangent at each non-
critical point, gives a Baer subplane. Since there are at least n+1 critical
points, this implies that there can be no non-critical points (for it can be
shown that two distinct Baer subplanes cannot have as many as n+1 lines
in common). Therefore S would be a semi-oval (see [9]) of size n+- n+1
whose tangents form a Baer subplane. We conjecture that in fact no such
sets exist; this is true for PG(2, 4).
In conclusion, we observe that the technique used to establish the upper
bound on strong representative systems andor tangency sets in the plane
can be applied in higher dimension (see also [6]). Specifically, if one
defines a tangency set in PG(n, q) to be a set S of points such that for all
P # S, there exists a hyperplane H on P such that H & S=[P], then the
following holds:
Theorem 2.3. If n=3, |S |q2+1, with equality if and only if S is an
ovoid. If n>3, |S |<q(n+1)2+1.
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